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a b s t r a c t
In thisworkwe prove that one-sided slow oscillation of a sequence and that of its generator
sequence are Tauberian conditions for the Abel summability method, using a corollary to
Karamata’s Main Theorem [J. Karamata, Über die Hardy–Littlewoodschen Umkehrungen
des Abelschen Stetigkeitssatzes, Math. Z. 32 (1930) 319–320]. It is also shown that such
conditions are Tauberian conditions for generalized Abelian summability methods.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The concept of a regularly generated sequence was introduced by Stanojević [1] and subsequently a number of authors
including Stanojević and Stanojević [2], Dik et al. [3], Çanak et al. [4], and Çanak and Totur [5] have obtained some Tauberian
conditions in terms of regularly generated sequences for the Abel summability method. Çanak and Totur [6] have recently
proved a theorem stating that slow oscillation of a sequence follows from Cesàro summability of its generator sequence.
Using a corollary to Karamata’s Main Theorem and an equivalent definition of slow oscillation in terms of a generator
sequence, Çanak [7] obtained a short proof of the generalized Littlewood Tauberian theorem stating that slow oscillation
of a sequence is a Tauberian condition for the Abel summability method. Our aim in this work is to prove the following
Tauberian theorems, stating that one-sided slow oscillation of a sequence and that of its generator sequence are Tauberian
conditions for the Abel summability method and the generalized Abelian summability method, respectively.
Theorem 1. If (un) is Abel summable to s and (un) is one-sidedly slowly oscillating, then limn un = s.
Theorem 2. If (un) is (A,m) summable to s and (un) is one-sidedly slowly oscillating, then limn un = s.
We now give some definitions and notation.
For a sequence u = (un) of real numbers, we write (un) as
un = vn +
n∑
k=1
vk
k
+ u0, (n = 1, 2, . . .) (1)
where vn = 1n+1
∑n
k=0 k(uk − uk−1). In this case, we say that (un) is regularly generated [1] by the sequence v = (vn) and
(vn) is called a generator of the sequence (un). We note that σ
(1)
n (u) = 1n+1
∑n
k=0 uk =
∑n
k=1
vk
k + u0.
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Define σ (m)n (u) for each nonnegative integerm by
σ (m)n (u) =

1
n+ 1
n∑
k=0
σ
(m−1)
k (u), m ≥ 1
un, m = 0.
A sequence (un) is said to be Cesàro summable to s if limn σ
(1)
n (u) = s. A sequence (un) is said to be Abel summable to s
if
∑∞
n=0(un − un−1)xn converges for 0 < x < 1, and tends to s as x→ 1−.
A sequence (un) is said to be (A,m) summable [8] to s if (σ
(m)
n (u)) is Abel summable to s. Ifm = 0, then (A,m) summability
reduces to Abel summability. It is clear that Abel summability of (un) implies (A,m) summability of (un). That the converse
is not true in general follows from the sequence (un) which is the sequence of Taylor coefficients of the function f defined
by f (x) = sin ( 11−x ) on 0 < x < 1.
A sequence (un) is said to be slowly oscillating [9] if
lim
λ→1+
lim sup
n
max
n≤k≤[λn]
∣∣∣∣∣ k∑
j=n+1
∆uj
∣∣∣∣∣ = 0.
An equivalent definition of slow oscillation of a sequence (un) is given by the following lemma in terms of (vn) =
( 1n+1
∑n
k=0 k(uk − uk−1)).
Lemma 3 ([10]). (un) is slowly oscillating if and only if (vn) is slowly oscillating and bounded.
A sequence (un) is said to be one-sidedly slowly oscillating [11] if
lim
λ→1+
lim sup
n
[λn]∑
j=n+1
(|∆uj| −∆uj) = 0.
The next lemma shows that one-sided slow oscillation of a sequence implies one-sided boundedness of its generator
sequence.
Lemma 4 ([11]). If (un) is one-sidedly slowly oscillating, then vn = 1n+1
∑n
k=0 k(uk − uk−1) ≥ −C for some nonnegative C.
Note that a generator of a slowly oscillating sequence is bounded, while a generator of a one-sidedly slowly oscillating
sequence is one-sidedly bounded.
2. A corollary to Karamata’s Main Theorem and lemmas
Our proof is based on the following corollary to Karamata’s Main Theorem and Lemma 5.
Corollary to Karamata’s Main Theorem ([12]). If (un) is Abel summable to s and un ≥ −C for some nonnegative C, then
limn σ
(1)
n (u) = s.
Next, we represent the difference un − σ (1)n (u) in two different ways.
Lemma 5 ([9]). Let (un) be a sequence of real numbers.
(i) For λ > 1 and sufficiently large n,
un − σ (1)n (u) =
[λn] + 1
[λn] − n
(
σ
(1)
[λn](u)− σ (1)n (u)
)
− 1[λn] − n
[λn]∑
k=n+1
(uk − un), (2)
where [λn] denotes the integer part of λn.
(ii) For 1 < λ < 2 and sufficiently large n,
un − σ (1)n−[(λ−1)n]−1(u) =
n+ 1
[(λ− 1)n] + 1 (σ
(1)
n−[(λ−1)n]−1(u)− σ (1)n (u))+
1
[(λ− 1)n] + 1
n∑
k=n−[(λ−1)n]
n∑
j=k+1
∆uj, (3)
where [λn] denotes the integer part of λn.
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3. Proof of Theorem 1
Proof. Since (un) is Abel summable to s, then (σ
(1)
n (u)) is also Abel summable to s. Hence, it follows from (1) that (vn) =( 1
n+1
∑n
k=0 k(uk − uk−1)
)
is Abel summable to 0. It follows by Lemma 4 that there exists nonnegative C such that
vn ≥ −C . (4)
Taking (4) and the fact that (vn) is Abel summable to 0 into account, we obtain by the corollary to Karamata’s Main Theorem
that limn σ
(1)
n (v) = 0. By Lemma 5(i) we have
vn − σ (1)n (v) =
[λn] + 1
[λn] − n
(
σ
(1)
[λn](v)− σ (1)n (v)
)
− 1[λn] − n
[λn]∑
k=n+1
k∑
j=n+1
∆vj
≤ [λn] + 1[λn] − n
(
σ
(1)
[λn](v)− σ (1)n (v)
)
+ 1[λn] − n
[λn]∑
k=n+1
k∑
j=n+1
(|∆vj| −∆vj)
≤ [λn] + 1[λn] − n
(
σ
(1)
[λn](v)− σ (1)n (v)
)
+
[λn]∑
j=n+1
(|∆vj| −∆vj).
Taking the lim sup of both sides of the inequality above, we have
lim sup
n
(vn − σ (1)n (v)) ≤
λ
λ− 1 lim supn
(
σ
(1)
[λn](v)− σ (1)n (v)
)
+ lim sup
n
[λn]∑
j=n+1
(|∆vj| −∆vj). (5)
Since (σ (1)n (v)) converges, the first term on the right-hand side of (5) vanishes and (5) becomes
lim sup
n
(vn − σ (1)n (v)) ≤ lim sup
n
[λn]∑
j=n+1
(|∆vj| −∆vj). (6)
Letting λ→ 1+ in (6), we have
lim sup
n
(vn − σ (1)n (v)) ≤ 0. (7)
By Lemma 5(ii) we have
vn − σ (1)n−[(λ−1)n]−1(v) =
n+ 1
[(λ− 1)n] + 1 (σ
(1)
n−[(λ−1)n]−1(v)− σ (1)n (v))+
1
[(λ− 1)n] + 1
n∑
k=n−[(λ−1)n]
n∑
j=k+1
∆vj
≥ n+ 1[(λ− 1)n] + 1 (σ
(1)
n−[(λ−1)n]−1(v)− σ (1)n (v))+
1
[(λ− 1)n] + 1
n∑
k=n−[(λ−1)n]
n∑
j=k+1
(∆vj − |∆uj|)
≥ n+ 1[(λ− 1)n] + 1 (σ
(1)
n−[(λ−1)n]−1(v)− σ (1)n (v))−
n∑
j=n−[(λ−1)n]
(|∆vj| −∆vj).
Taking the lim inf of both sides of the inequality above, we have
lim inf
n
(vn − σ (1)n−[(λ−1)n]−1(v)) ≥
1
λ− 1 lim infn
(
σ
(1)
n−[(λ−1)n]−1(v)− σ (1)n (v)
)
+ lim inf
n
(
−
n∑
j=n−[(λ−1)n]
(|∆vj| −∆vj)
)
. (8)
Since (σ (1)n (v)) converges, the first term on the right-hand side of (8) vanishes and (8) becomes
lim inf
n
(vn − σ (1)n−[(λ−1)n]−1(v)) ≥ − lim sup
n
n∑
j=n−[(λ−1)n]
(|∆vj| −∆vj). (9)
Letting λ→ 1+ in (9), we have
lim inf
n
(vn − σ (1)n (v)) ≥ 0. (10)
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From (7) and (10) we have
lim
n
(vn − σ (1)n (v)) = 0. (11)
This implies that limn vn = 0. Since (un) is Abel summable to s and limn vn = 0, by Tauber’s second theorem [13] we have
limn un = s. This completes the proof. 
Next, we show that one-sided slow oscillation of the generator sequence of (un) is a Tauberian condition for the Abel
summability method.
Theorem 6. If (un) is Abel summable to s and (vn) is one-sidedly slowly oscillating, then limn un = s.
Proof. Since (un) is Abel summable to s, then it follows from (1) that
( 1
n+1
∑n
k=0 k(vk − vk−1)
)
is Abel summable to 0. It
follows by Lemma 4 that there exists nonnegative C such that
1
n+ 1
n∑
k=0
k(vk − vk−1) ≥ −C . (12)
Taking (12) and the fact that
( 1
n+1
∑n
k=0 k(vk − vk−1)
)
is Abel summable to 0 into account, we obtain by the corollary to
Karamata’s Main Theorem that
lim
n
1
n+ 1
n∑
k=0
k(σ (1)k (v)− σ (1)k−1(v)) = 0.
Since (σ (1)n (v)) is Abel summable to 0, we have limn σ
(1)
n (v) = 0 by Tauber’s second theorem [13]. The rest of the proof is
as in the proof of Theorem 1. 
4. Proof of Theorem 2
Using Theorem1,we prove that one-sided slowoscillation of (un) is also a Tauberian condition for the (A,m) summability
method.
Proof. Since (un) is (A,m) summable to s, then (σ
(m)
n (u)) is also Abel summable to s and (σ
(m)
n (v)) is also Abel summable
to 0. Let (un) be one-sidedly slowly oscillating. Then σ
(m)
n (v) ≥ −C for some nonnegative C and for all nonnegative m. We
obtain by the corollary to Karamata’s Main Theorem that limn σ
(m+1)
n (v) = 0. Since (un) is (A,m + 1) summable to s, we
have limn σ
(m+1)
n (u) = s by Tauber’s second theorem [13]. This implies that (un) is Abel summable to s. This completes the
proof. 
Next, we show that one-sided slow oscillation of the generator sequence of (un) is a Tauberian condition for the (A,m)
summability method.
Theorem 7. If (un) is (A,m) summable to s and (vn) is one-sidedly slowly oscillating, then limn un = s.
Proof. Since (un) is (A,m) summable to s, then (σ
(m)
n (v)) is also Abel summable to 0 and ( 1n+1
∑n
k=0 k(σ
(m)
k (v)− σ (m)k−1(v)))
is also Abel summable to 0. Let (vn) be one-sidedly slowly oscillating. Then
1
n+ 1
n∑
k=0
k(σ (m)k (v)− σ (m)k−1(v)) ≥ −C
for some nonnegative C and for all nonnegativem. We obtain by the corollary to Karamata’s Main Theorem that
lim
n
1
n+ 1
n∑
k=0
k(σ (m+1)k (v)− σ (m+1)k−1 (v)) = 0.
Since (vn) is (A,m+1) summable to 0, we have limn σ (m+1)n (v) = 0 by Tauber’s second theorem [13]. Since (un) is (A,m+1)
summable to s, we obtain limn σ
(m+1)
n (u) = 0 by Tauber’s second theorem [13]. This implies that (un) is Abel summable to
s. This completes the proof. 
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